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A self-consistent scheme for the calculations of the interacting groundstate and the near bandgap optical
spectra of mono- and multilayer transition-metal-dichalcogenide systems is presented. The approach combines
a dielectric model for the Coulomb interaction potential in a multilayer environment, gap equations for the renor-
malized groundstate, and the Dirac-Wannier-equation to determine the excitonic properties. To account for the
extension of the individual monolayers perpendicular to their basic plane, an effective thickness parameter in the
Coulomb interaction potential is introduced. Numerical evaluations for the example of MoS2 show that the re-
sulting finite size effects lead to significant modifications in the optical spectra, reproducing the experimentally
observed non hydrogenic features of the excitonic resonance series. Applying the theory for multi-layer config-
urations, a consistent description of the near bandgap optical properties is obtained all the way from monolayer
to bulk. In addition to the well-known in-plane excitons, also interlayer excitons occur in multilayer systems
suggesting a reinterpretation of experimental results obtained for bulk material.
PACS numbers:
I. INTRODUCTION
The optical and electronic properties of bulk transition-
metal dichalcogenide systems (TMDCs) have been investi-
gated intensively already in the 1970s1–6. The excitonic series
observed in the optical absorption spectra could be attributed
to transitions at the K-points of the Brilliouin zone which
nowadays are often referred to as Dirac points.1–6 However,
as bulk TMDCs are indirect bandgap semiconductors, these
materials have only played a minor role in the field of semi-
conductor optics in the following decades.
More recently, the interest in TMDCs and their optical
properties has been revived with the ability to fabricate them
as monolayers. Unlike their bulk counterparts, monolayers
of several semiconducting TMDCs display a direct gap at
the K-points of their respective Brillouin zone with a tran-
sition energy in the visible range7–12. These systems ex-
hibit a pronounced light-matter coupling and strong exci-
tonic effects13–16The availability of different materials with
a similar lattice structure but different bandgaps renders this
material class extremely interesting as building blocks for
heterostructures17,18, and allows for the engineering of the
overall electronic and optical properties to a wide extend.
For the systematic design and engineering of the electronic
and optical properties of TMDC systems, it is highly desirable
to have a predictive microscopic theory that includes the fun-
damental structural properties as well as the strong Coulomb
interaction effects among the electronic excitations. In this ar-
ticle, we present a theoretical framework that allows us to de-
termine both, the Coulombic renormalization of the K-point
bandgap and the excitonic states. Our approach combines a
dielectric model to determine the Coulomb interaction po-
tential in a multilayer environment, the gap equations for the
renormalized ground state, and the Dirac-Wannier-equation –
a generalization of the Mott-Wannier-equation – for the cal-
culation of the excitonic states.
Starting point of our theory is an effective two-band Hamil-
tonian, for which we use the massive Dirac-Fermion model
(MDF)19. Within the MDF, the gap equations and the Dirac-
Wannier equation can be derived as static and linear part
of the Dirac-Bloch equations, i.e., the coupled equations of
motion for the interband polarization and the electron-hole
populations20. As our approach is based on the equations of
motion approach, it can easily be extended to describe the
nonlinear and dynamical optical properties.
In order to account for the finite out-of-plane monolayer
extension, we introduce a thickness parameter d in the effec-
tive Coulomb potential governing the interaction between the
electronic excitations. The precise value of d is determined
by fitting a single spectral feature, e.g., the exact value of the
energetically lowest excitonic resonance, to available experi-
mental data. As all other parameters are extracted from first-
principles density functional theory (DFT) calculations, d is
the only adjustable parameter in our theory. Once d is fixed
for a given material system, we are able to predict the bandgap
and all the excitonic resonances for arbitrary dielectric envi-
ronment and number of layers. Furthermore, we are able to
study the optical properties for multi-layered structures and,
in particular, the transition from a monolayer to bulk.
The paper is organized as follows: In Sec. II, we present the
model system used for the calculations of theK-point ground-
state and the optical properties of a multilayer structure. In
Sec. III, we derive the Wannier equation for the Dirac exci-
tons and the gap equations that determine the renormalization
groundstate properties. In Sec. IV, we investigate finite size
effects and the scaling properties of the coupled gap and Wan-
nier equations for the simplified case of a constant background
screening. The results show that finite size effects lead to dras-
tic modifications of the excitonic spectra. Finally, we analyze
in Sec. V the bandgap renormalization and near bandgap opti-
cal properties for mono- and multilayer configurations for the
example of MoS2, before we present a brief summary and dis-
cussion of our approach. In the appendix, we summarize im-
portant aspects of the electrostatic ingredients of our model,
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2including the determination of the effective Coulomb interac-
tion and screening properties.
II. MODEL SYSTEM
Our model system is a stack of N identical van-der-Waals
bonded TMDC monolayers. Systematic studies of the band-
structure as function of the number of layers7–10 show that
the transition from direct to indirect occurs already when go-
ing from a monolayer to a bilayer configuration. This feature
has been confirmed experimentally by layer-number depen-
dent PL measurements11,12 .
At the same time, the DFT bandstructure investigations
show that the bandstructure details around the K-points,
which govern the optical absorption properties, are pretty
much preserved while increasing the number of layers from
monolayer to bulk7–12. At theK points, the out-of plane effec-
tive masses of the valence and conduction bands are typically
much larger than those of the in-plane directions21. Conse-
quently, the out-of-plane component of the kinetic energy can
be neglected and the quasi-particles at the K-points can be
considered as quasi-two dimensional particles well confined
within the layers. Based on this observation, we treat the K-
point dynamics in a multilayer stack as N electronically in-
dependent layers that are coupled via the Coulomb potential
within the respective dielectric environment:
H =
∑
n
(Hn0 +H
n
I ) +
1
2
∑
nm,q
V nmq ρˆ
n
qρˆ
m
−q.
Here Hn0 describes the Hamiltonian of the n
th layer, HnI con-
tains the light-matter interaction, and HC the Coulomb inter-
action, respectively. We assume that ρnq, the charge density of
the n-th layer, is strongly localized within that layer. Treating
the Hamiltonian of the isolated monolayer within an effective
two-band model, screening of the bands under consideration
is included dynamically, whereas the Coulomb matrix element
V nmq contains the screening of all the other bands and the di-
electric environment.
A. The Massive Dirac Fermion Hamiltonian
According to ab initio methods based on DFT, the high-
est conduction and the lowest valence band are predominantly
composed of d-type atomic orbitals of the metal atom22. Com-
bining the relevant atomic orbitals that contribute to the va-
lence and conduction bands into a two-component pseudo
spinor, the minimal two-band Hamiltonian describing the near
K-point properties in lowest order k ·p-theory can be written
as19
Hˆn0 =
∑
sτ,k
Ψˆ†nsτk
(
atk · σˆτ + ∆
2
σˆz − sτλσˆz − 1
2
)
Ψˆnsτk.
(1)
Here, τ = ±1 is the so called valley index, whereas ∆, 2λ,
t and a denote the energy gap, the effective spin splitting
of the valence bands, the effective hopping matrix element,
and the lattice constant, respectively. The operator Ψˆnsτk
is the tensor product of the electron spin state and the two
component quasi-spinor in the n-th layer. The Pauli matrices
σˆτ = (τ σˆx, σˆy) and σˆz act in the pseudo-spin space and s is
the z-component of the real spin, respectively. The eigenstates
of Hˆ0 have the relativistic dispersion
sτk = ±1
2
√
∆2sτ + (2~vF k)2,
where ∆sτ = ∆− sτλ denotes the spin and valley dependent
energy gap at the K± points and vF = at/~ is the Fermi-
velocity.
Employing the minimal substitution principle, the light-
matter (LM) Hamiltionian is obtained as
HnI = −e
vF
c
∑
sτk
Ψˆ†nsτkA
n · σˆτΨˆnsτk. (2)
Expanding the charge density in terms of the pseudo spinors,
we find for the Coulomb interaction
HC =
1
2
∑
nmkk′q
: Ψˆ†nsτk−qΨˆnsτkV
nm
q Ψˆ
†
msτk′+qΨˆmsτk′ :
where : · : denotes normal ordering.
B. Coulomb Potential in a Multilayer Environment
FIG. 1. Schematic of the model system. The distance between the
van der Waals bonded layers is denoted by D.
The Coulomb interaction potential in our two-band Hamil-
tonian contains screening contributions from the system’s en-
vironment, such as substrate screening etc., and possible non-
resonant intrinsic contributions arising from all other bands.
To avoid double counting, it is important to separate the con-
tributions of the explicitly treated bands from the rest. Since
the DFT dielectric tensor contains all the ingredients, the sep-
aration of resonant and non-resonant contributions is a non-
trivial task.
Here, we develop a scheme that combines bulk DFT cal-
culations of the dielectric tensor with analytical results ob-
tained within the MDF model that allows us to determine the
3fully screened and non-resonantly screened (’bare’) Coulomb
potential for various dielectric environments. To derive the
Coulomb interaction potential in the multilayer environment,
we start from Maxwell’s equations
∇ ·D = 4piρext (3)
∇ ·B = 0 (4)
∇×H− 1
c
D˙ =
4pi
c
jext (5)
∇×E + 1
c
B˙ = 0. (6)
For the layered material, we make the ansatz
B = H, D = ‖E‖ + ⊥Ezez + 4piP, (7)
where ‖ ≡ ‖(z) and ⊥ ≡ ⊥(z) represent the non-resonant
contributions to the anisotropic dielectric tensor and P con-
tains all nonlocal, time and frequency dependent resonant con-
tributions. The non-resonant contributions are assumed to be
local in space and time and constant within a slab of thickness
L = ND, where N is the number of layers and D the natural
layer-to-layer distance in the bulk parent material (see Fig. 1).
As the considered structure is homogeneous with respect to
the in-plane coordinates but inhomogeneous with respect to
the out-of-plane coordinates, we use a mixed (q, z) represen-
tation in the following, where q is the in-plane wave vector.
With B = ∇ × A, E = −A˙/c − ∇φ and the generalized
Coulomb gauge ‖∇‖ · A‖ + ⊥∂zAz = 0, a division into
in-plane transverse and longitudinal contributions yields Pois-
son’s equation for the scalar potential(−⊥∂2z + ‖q2)φ = 4pi (ρext − iq ·PL‖ − ∂zPz) . (8)
The solution of this equation for a δ-inhomogeneity ρext =
δ(z − z′) and PL‖ = 0 determines the ’bare’ Coulomb poten-
tial Vq(z, z′). Correspondingly, the screened Coulomb poten-
tial is obtained as solution of Poisson’s equation with resonant
contributions. Provided the non-resonant contributions to the
dielectric tensor are known, the bare Coulomb interaction can
be obtained analytically from Eq. (8).
For the resonant contributions to the longitudinal polariza-
tion, we assume that these are composed of a sum of localized
(2D) parts, that are treated within linear response. In the strict
2D limit, these can be expressed as
P = −ie2q
N∑
n=1
χL(q, ω)φ(q, zn, ω)δ(z − zn), (9)
where zn = (n − 1/2)D is the central position of the nth
layer and χL(q, ω) is the longitudinal susceptibility, respec-
tively. The longitudinal susceptibility is related to the polarza-
tion function of the 2D layer via χL(q, ω) = −Π(q, ω)/q2.
Within the MDF model, for each spin and valley combination,
the long-wavelength limit of the static RPA polarization func-
tion gives23
Π(q, 0) = − 1
6pi
q2
∆sτ
where ∆sτ is the spin and valley dependent gap at the Dirac
points. Summing over the spin and valley indices, one finds
r0 = lim
q→0
2pie2χL(q, 0) =
2e2(∆A + ∆B)
3∆A∆B
,
which is of the order of 10 A˚ for a typical MX2 monolayer,
independent of the dielectric environment.
Inserting Eq. (9) into Eq. (8), we obtain for the screened
Coulomb interaction
V nmS,q (ω) =
N∑
l=1
(
δnl + e
2q2χ(q, ω)V nlq
)−1
V lmq . (10)
Eq. (10) expresses the screened Coulomb interaction in terms
of the bare potential and an inverse nonlocal dielectric func-
tion. With the aid of the screened and unscreened interac-
tion, we can define the local dielectric functions n(q, ω) =
V nnVac,q/V
nn
S,q(ω), where V
nn
Vac,q = 2pi/|q| is the 2D Coulomb
potential in vacuum. Similarly, we introduce the resonant and
nonresonant contributions of the local dielectric functions as
nres(q, ω) = V
nn
q /V
nn
S,q(ω) and 
n
nr(q, ω) = V
nn
Vac,q/V
nn
q , re-
spectively. In general, each layer within the multilayer envi-
ronment has a different local dielectric function reflecting its
respective dielectric environment.
For a bulk material consisting of N  1 regularly spaced
layers, Eq. (8) can be solved by a Fourier transformation, giv-
ing
VS(q, qz) =
4pi
⊥q2z + q2
(
‖ + 4pie2χL(q, ω)/D
) ,
where D is the layer-to-layer distance. Comparison with the
3D anistropic Coulomb interaction suggests that the bulk in-
plane dielectric constant is given by
B‖ = ‖ + limq→0
4pie2χL(q, ω)/D.
We use this relation and the bulk values for the macroscopic
background dielectric constants obtained by DFT24 to deter-
mine the required values of ‖ and ⊥.
C. Quasi-2D Coulomb Potential
Computing the Coulomb potential for a strictly 2D layer
ignores the fact that the spatial carrier distribution in the out-
of-plane direction has a finite extension and is not a sharp δ-
function at the central layer position. Hence, instead of solving
Poisson’s equation with a δ-singulartity, we have to compute
the scalar potential for a charge distribution ρq(z − zn) in-
duced by the charge density in the nth layer and replace Eq.
(9) by (see Appendix A)
P = −ie2q
N∑
n=1
χL(q, ω)ρq(z − zn)
×
∫ D/2
−D/2
dz′φ(q, z′, ω)ρ−q(z′ − zn). (11)
4Defining the quasi-2D Coulomb potential between different
layers as
V¯ nmq =
∫ D/2
−D/2
dz
∫ D/2
−D/2
dz′ρ−q(z′−zn)Vq(z, z′)ρq(z−zm)
and similar for the screened interaction potential, Eq. (10) re-
mains valid with all matrix elements replaced by the quasi-2D
ones.
In order to have a simple expression, we use in in the fol-
lowing the 2D Ohno potential
V¯ nmq ≈ V nmq e−qd,
as approximation for the bare quasi-2D potential. Here, d de-
notes the effective thickness parameter accounting for finite
out-of-plane size effects.
III. METHODS
The Coulomb interaction leads to renormalizations of the
single-particle bandstructure and to excitonic effects in the op-
tical properties of a semiconductor. In this section, we follow
the derivation in Ref. 20 to show how both of these features
are obtained within the equations of motion (EOM) approach.
Here, one derives the equations of motion for the interband
polarization and the valence and conduction band occupa-
tion probalities to obtain the semiconductor Bloch equations
(SBE)25 which describe excitonic effects as well as the exci-
tation dependent energy renormalizations.
As input for the SBE, one needs the single-particle band-
structure and the system’s groundstate properties. Since DFT-
based bandstructure calculations usually underestimate the
unexcited bandgap, one often uses the experimental values in-
stead of the DFT results. Whereas this approach works well
for the typical GaAs-type bulk or mesoscopic semiconduc-
tor structures, the fundamental gap of mono- or few-layer
TMDCs is experimentally difficult to access and depends
strongly on the dielectric environment. Therefore, it is de-
sirable to compute the gap renormalization self-consistently
from first principles.
A. Gap Equations
As shown in Ref. 20, the combination of the EOM with
a variational approach yields a set of coupled integral equa-
tions –the gap equations– for the renormalized bandgap and
the Fermi velocity. The gap equations are non-perturbative
and can be derived on the same level of approximation as the
EOM for the excitation dynamics. We define the dynamical
variables
Γsτk = f
b
sτk − fasτk = 〈bˆ†sτkbˆsτk〉 − 〈aˆ†sτkaˆsτk〉, (12)
Πsτk = 〈bˆ†sτkaˆsτk〉, (13)
where aˆ†sτk and bˆ
†
sτk create a particle in the basis states span-
ning the pseudo-spinor Ψˆ†sτk. Since the groundstate should be
static, we search for the stationary solutions of Heisenberg’s
equations of motion,
i~
d
dt
Πsτk =
(
∆sτ + Vˆ [Γsτ ]
)
Πsτk
+
(
τ~vF ke−iτθk − Vˆ [Πsτ ]
)
Γsτk, (14)
i~
d
dt
Γsτk = 2Πsτk
(
τ~vF keiτθk − Vˆ [Π∗sτ ]
)
− 2Π∗sτk
(
τ~vF ke−iτθk − Vˆ [Πsτ ]
)
(15)
in the absence of an externally applied optical field. To sim-
plify the notatation, we introduced the functional relation
Vˆ [f ] ≡ ∑k′ V|k−k′| fk′ . Demanding a stationary solution,
we find
0 = ∆˜sτkΠsτk + τ~v˜sτkke−iτθkΓsτk, (16)
0 = = [Πsτkτ~v˜sτkkeiτθk] , (17)
where
∆˜sτk = ∆sτ + Vˆ [Γsτ ], (18)
τ~v˜sτkke−iτθk = τ~vF ke−iτθk − Vˆ [Πsτ ] (19)
are the renormalized bandgap energy and Fermi-velocity, re-
spectively. Together with the relation 1 = Γ2sτk + 4|Πsτk|2,
which holds for any coherent state, we obtain the algebraic
equations
Πsτk = −τ~v˜sτkk
2˜sτk
e−iτθk , (20)
Γsτk =
∆˜sτk
2˜sτk
(21)
with
˜sτk =
1
2
√
∆˜2sτk + (2~v˜sτkk)
2
. (22)
Inserting Eqs. (20) and (21) into Eqs. (16) and (17) yields the
closed set of integral equations, the gap equations, as
∆˜sτk = ∆sτ +
1
2
∑
k′
V|k−k′|
∆˜sτk′
˜sτk′
,
v˜sτk = vF +
1
2
∑
k′
V|k−k′|
k′
k
v˜sτk′
˜sτk′
eiτ(θk−θk′ ). (23)
It is easily verified that ∆˜sτk and v˜sτk define the mean-field
Hamiltonian
HˆMF =
∑
s,τ,k
Ψˆ†sτk
(
~v˜sτkk · σˆτ + ∆˜sτk
2
σˆz
)
Ψˆsτk (24)
with the eigenvalues ±˜sτk. The corresponding eigenstates
are given by
Ψck =
(
usτk
vsτke
iτθk
)
, Ψνk =
(
vsτke
−iτθk
−usτk
)
, (25)
5where uτk =
√
(˜sτk + ∆˜sτk/2)/2˜sτk and vsτk =√
(˜sτk − ∆˜sτk/2)/2˜sτk. As usual in intrinsic semiconduc-
tors, the groundstate is characterized by a completely filled va-
lence and empty conduction band, respectively. Since εsτk >
sτk, the total energy lies below the energy of the non-
interacting groundstate.
B. Dirac-Bloch and Dirac-Wannier Equations
To determine the excitation dynamics of our model system,
we transform the Hamiltonian into the electron-hole picture
using the renormalized bandstructure and eigenstates. Fur-
thermore, we use the interband transition amplitudes and oc-
cupation numbers of the renormalized bands as dynamical
variables,
Psτk = 〈ν†sτkcsτk〉, (26)
fsτk = 1− 〈ν†sτkνsτk〉 = 〈c†sτkcsτk〉. (27)
It is easily verified that, using the renormalized bands, the
groundstate expection values are given by Psτk = fsτk = 0
(note: this is not true for the transition amplitudes and occu-
pation numbers within the unrenormalized bands!).
At the Hartree-Fock level, the resulting Heisenberg EOM
for the dynamical variables are given by20:
i~
d
dt
Psτk = 2
(
Σsτk − 1
c
A · jsτk
)
Psτk
− (1− 2fsτk)Ωsτk − i~ ddtPsτk
∣∣∣∣
coll
, (28)
~
d
dt
fsτk = −2= [P ∗sτkΩsτk]− ~
d
dt
fsτk
∣∣∣∣
coll
. (29)
In these Dirac-Bloch equations (DBE), the Coulomb inter-
action leads to excitation dependent renormalizations of the
single-particle energy and the Rabi frequency,
Σsτk = ˜sτk −
∑
k′
V|k−k′|
[
Wcccc(k,k
′)−Wcννc(k,k′)
]
fsτk′ +
∑
k′
V|k−k′|
[
Wccνc(k,k
′)Psτk′ + c.c.
]
, (30)
Ωsτk =
∑
k′
V|k−k′| [Wccνν(k,k′)Psτk′ +Wcνcν(k,k′)P ∗sτk′ − 2Wcννν(k,k′)fsτk′ ]
+ τ
√
2
evF
c
(
v2ke
−2iτθkAτ − u2kA−τ
)
. (31)
whereas groundstate renormalizations are contained in the
renormalized dispersion ˜sτk. Here,
Wαα′ββ′(k,k
′) = 〈αk|α′k′〉〈βk′|β′k〉
contains the overlap matrix elements between the renormal-
ized conduction and valence bands. Despite the formal equiv-
alence of Eqs. (28) and (29) to the standard SBE, the renor-
malized single-particle energy and Rabi frequency differ from
the standard expressions by the Coulomb matrix elements for
scattering processes across the bands, i.e. Auger-type pro-
cesses and electron-hole pair creation and annihilation. In Eqs.
(28) and (29), the terms d/dt|coll refer to incoherent scatter-
ing contributions beyond the Hartree-Fock approximation and
jsτk = −τ e~∇k˜sτk is the intraband current matrix element,
respectively.
The Dirac-Wannier equation (DWE) is obtained from the
DBE as homogeneous part of the linearized polarization equa-
tion,
2ε˜sτkφsτλ(k)−
∑
k′
V|k−k′| [Wccνν(k,k′)φsτλ(k′) +Wcνcν(k,q)φ∗sτλ(k
′)] = Esτλφsτλ(k) . (32)
Apart from the dispersion, the DWE differs from the stan-
dard Mott-Wannier equation by the last term on the l.h.s. of
Eq. (32), that describes a coupling of the φ and φ∗ by spon-
taneous pair creation and annihilation. In view of the large
gap in semiconducting TMDCs, these contributions are fre-
quently neglected. However, the validity of this approximaton
is not a priori clear since is actually depends on the strength of
the Coulomb interaction. In our evaluations in this paper, we
therefore avoid the wide-gap approximation (WGA).
IV. FINITE THICKNESS EFFECTS
In the strict 2D limit, the exciton binding and wavefunc-
tions at the origin become singular in the regime of strong
Coulomb interactions23,26 leading to an excitonic collapse of
6the interacting groundstate. In this case, the system under-
goes a transition into an excitonic insulator state, where the
bright optical resonances correspond to intra-excitonic transi-
tions of a BCS-like excitonic condensate20,26. A similar diver-
gence of the binding energy and wavefunctions is known in
QED for hydrogen-like atoms with Z > 137. In QED, this
”catastrophe” is treated via a regularization of the Coulomb-
potential accounting for a small but finite extension of the nu-
cleus, i.e., by replacing the 1/r potential by the Ohno potential
1/
√
r2 + d2.
In this section, we apply a similar procedure and investigate
the influence of finite size effects on the gap and exciton equa-
tions for a monolayer with a constant background screening κ,
i.e. V¯q = 2pie2e−qd/κq. This potential is appropriate for both,
a monolayer embedded in bulk with κ = √‖⊥ and for the
long wavelength limit qD → 0 of a monolayer on a substrate
with κ = (S + 1)/2 (see Appendix).
In order to unify the description of different material sys-
tems and to identify the general aspects of the obtained re-
sults, it is often advantageous to introduce scaled units. For
the problem under investigation here, one can either choose
relativistic or excitonic units. As the only absolute energy
value entering into the DWE, one can use the single-particle
gap ∆ as energy unit. The single-particle dispersion is then
found as k/∆ = ± 12
√
1 + (kλC)2, where λC = 2~vF /∆
is the Compton wavelength of the electrons and holes. Using
the Compton wavelength as length scale, the scaled quasi-2D
Coulomb potential is given by
V¯ q =
V¯q
∆
=
piα
q¯
eqd, (33)
which is characterized by the parameter combination α =
e2/κ~vF . The Compton wavelength allows one to distin-
guish between the relativistic and the non-relativistic regimes,
where the latter one is found on a length scale large compared
to the Compton wavelength.
Using scaled units, it is easily shown that the total Hamilto-
nian is characterized by two parameters, namely the effective
fine structure constant α and the effective thickness parame-
ter d. Consequently, both the gap equations and the exciton
equation are characterized by the same parameters. The long-
wavelength limit of the resonant part of the RPA dielectric
function in scaled units is obtained as
res(q) = 1 +
2
3
αqλ¯Ce
−qd,
where λ¯C = (λAC + λ
B
C)/2 is the avarage of the respective
Compton wavelengths associated with the gap of the A and
B excitons. This dielectric function is of a similar form as
the potential first introduced by Keldysh27 for a thin sheet
with constant sheet polarizability and has been used by several
authors13,28–32 to model the excitonic properties of TMDCs.
As a consequence of the Ohno potential, the dielectric func-
tion does not increase to infinity with increasing q but ap-
proaches its maximum value at q = 1/d. A similar behavior
has been found by first principle calculations including finite
size effects32 or using a truncated Coulomb potential33. Fur-
thermore, the screening length 23αλ¯C contains resonant con-
tributions only.
When discussing excitonic properties, it is sometimes use-
ful to resort to excitonic units. The Compton wavelength and
the (3D) exciton Bohr radius a0 = ~2κ/mre2 are related via
aB = 2λC/α, and the exciton Rydberg Ry = mre4/2~2κ2
is related to the gap via Ry = α2∆/8, respectively. In the fol-
lowing, we will use both unit systems in order to emphasize
systematic dependencies and the essential underlying physics.
A. Numerical Solution of the Gap Equations
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FIG. 2. Renormalized band gap energy (left) and Fermi-velocity (in-
set) distributions for d = 1.0λC and α = 1.0 (green), 3.0 (cyan),
and 5.0 (blue). The resulting renormalized single-particle dispersion
is shown on the right. The black dotted lines represent the non-
interacting ground state properties.
Examples of our numerical solutions of the gap equa-
tions (23) are shown in Fig. 2. Here, we plot ∆˜k and v˜k as
well as the resulting renormalized single-particle dispersion
ε˜k for various values of α and a fixed thickness parameter
d = 1.0λC . Both ∆˜k (left) and v˜k (inset) have their max-
ima at k = 0 and converge to their respective non-interacting
groundstate values ∆ and vF (respective black dotted lines)
for large k. Within a good approximation, the renormaliza-
tion of the band gap energy and the Fermi velocity leads to
a rigid shift of the non-interacting single-particle dispersion
(right panel in Fig. 2), in agreement with reported predictions
based on the GW approximation33–36.
Since the renormalization does not lead to a deformation
of the single-particle bandstructure, it only shifts the energetic
position of the excitonic resonances in the respective optical
spectra but does not influence their binding energies. Hence,
it suffices to study the overall gap shift as function of the sys-
tem parameters α and d. For this purpose, we plot in the left
panel of Fig. 3 the computed dependence of the renormalized
gap on α for three different values of the effective thickness
parameter. As we can see, the gap increases linearly with α
for small values of the coupling strength switching over to a
7logarithmic increase for large coupling strengths.
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FIG. 3. Left: Renormalized gap as function of coupling constant α
for three different thickness parameters d = .5λC , d = 1.0λC and
d = 2λC . Right: Dependence of the renormalized gap on the effec-
tive thickness parameter d for two values of the coupling constant
α.
In the right panel of Fig. 3, we show the computed values
of the renormalized gap as function of the effective thickness
parameter d for three different values of α. We notice a sen-
sitive d dependence of the gap in the region where d . αλC ,
which is typically realized in TMDC structures.
B. Numerical Solution of the Dirac-Wannier Equation
Often13,30,32, the excitonic properties of TMDCs are treated
in the WGA where the relativistic quasi-particle dispersion
can be approximated by parabolic bands and all contributions
∝ vkvk′ in the Coulomb matrix elements can be neglected.
As a result, the excitonic states become independent of the
Compton wavelength and the only remaining length scales are
the effective sheet thickness d and the exciton Bohr radius aB .
Moreover, states with m = ±|m| are degenerate.
Since the only energy scale other than the gap is the ex-
citon Rydberg energy, the WGA is actually equivalent to the
nonrelativistic approximation α  1. For typical TMDC pa-
rameters, the effective coupling constant is in the range of
α ∝ 3/κ − 5/κ, clearly questioning the WGA. Corrections
to the WGA result both from the full relativistic dispersion
and from the lifting of the degeneracy between states with op-
posite orbital angular momentum31,37
Numerically solving the full DWE (32) we obtain the re-
sults shown in Fig. 4. Here, we plot the binding energies
of the 1s-(solid lines) and 2s-exciton (dashed lines) as func-
tions of the effective thickness parameter in excitonic units
for α = 1.0 and α = 3.0. For reference, the arrows mark
the binding of the exciton states with main quantum number
n = 0, n = 1 , and n = 2 within the 2D hydrogen model.
For finite values for the effective sheet thickness d, the
Coulomb interaction close to the origin is weakened relative
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FIG. 4. Binding energy of the 1s- and 2s-exciton in dependence
of the effective thickness parameter d for α = 1.0 (green) and
α = 3.0 (blue). The black dotted lines show the non-relativistic case
for parabolic bands. The strict 2D non-relativistic limit (d = 0) is
marked by the arrows.
to the strict 2D case, affecting particularly the strongest bound
s−type excitons with large probability density at the origin.
Fig. 4 clearly shows that the binding energies of the 1s and 2s
excitons vary strongly with the sheet thickness in the regime
where d ≈ aB and become pretty much d independent for
d  aB . In that limit, the binding energy of the 1s− exciton
drops below the value of the n = 1 2D-exciton state. At the
same time, the 2s binding energy seems to converge toward
the n = 2 value of the 2D limit leading to an overall strongly
non-hydrogenic behavior of the exciton series similar to the
experimental observations13,14,38,39. This behavior is quite dif-
ferent from what is known for semiconductor quantum wells,
where the exciton series changes from a 2D to 3D Rydberg se-
ries if the sample dimensions exceed the exciton Bohr radius.
The combined solution of the gap equations (23) together
with the DWE (32) allows us to determine the energetic po-
sitions of the excitonic resonances in an optical spectrum. In
Fig. 5, we show the results for the five lowest s-type excitonic
states for a fixed thickness d = λC as function of coupling
strength α. For reference, we also plot the variation of the
renormalized bandgap at one of the Dirac points (black dotted
line). As expected, the binding energies increase with increas-
ing Coulomb coupling strength. However, the increased bind-
ing is overcompensated by the bandgap renormalization, lead-
ing to an overall blue shift of the excitonic resonance spec-
trum. In the limit of strong Coulomb coupling, the increase
of the 1s-exciton binding energy is almost canceled by the
renormalization of the bandgap, such that the lowest exciton
resonance depends only weakly on the coupling strength.
The coupling between φ and φ∗ in the DWE leads to a fine
structure in the exciton spectrum lifting the degeneracy be-
tween states with opposite orbital angular momentum. In Fig.
6, we show the splitting of the lowest p-states for a fixed ef-
fective thickness d = 1.0λC . In the limit of small values for
the Coulomb coupling, the splitting increases quadratically
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FIG. 5. Lowest s-type energy eigenvalues of the Dirac-Wannier
equation as a function of α with respect to the renormalized single-
particle dispersion. The black dotted line indicates the renormal-
ized band gap. The effective thickness parameter has been set to
d = 1.0λsτ .
switching over to a linear increase for large values of α, re-
spectively. For a suspended monolayer (α ≈ 3.0 − 5.0), the
splitting of the 2p states can be as high as 5− 6% of the non-
interacting energy gap. For supported monolayers, e.g. on a
SiO2 substrate (α ≈ 1.2 − 2.0), our calculations predict a
splitting on the order of 10− 15 meV, depending on the non-
interacting gap of the specific material and on the screening.
This value should be in the experimentally accessible range.
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FIG. 6. Fine structure of the excitonic spectra, illustrated by the split-
ting of the lowest p-type excitonic states.
V. MULTILAYER STRUCTURES
So far, we investigated the excitonic scaling properties and
the influence of finite layer thickness within a simplified
model for the dielectric environment. In this section, we ex-
tend this approch and numerically study the properties of a
multilayer TMDC system using the full solution of Poisson’s
equation within the anisotropic dielectric environment for the
example of MoS2.
For the MDF material parameters, we use the values given
in Ref. 19, ∆A = 1.585 eV, ∆B = 1.735 eV, α[0] =
e2/~vF = e2/ta = 4.11, from which we obtain the Compton
wavelengths λA = 4.432 A˚, λB = 4.049 A˚, and the screen-
ing length r0 = 11.62 A˚. To determine the Coulomb potential,
we take the bulk in-plane and out-of-plane dielectric constants
from Ref.24, B‖ = 8.29 and ⊥ = 3.92. Using a layer-to-
layer-distance D = 6.2 A˚, we find a background contribution
to the in-plane dielectric constant ‖ = 4.54.
In a first step, we fix the only undetermined parameter in
our theory, namely the effective thickness parameter d. To this
end, we plot the renormalized gap and exciton resonances as
funtion of d and compare the resulting predictions with exper-
imentally available data. In Fig. 7, we show the result of this
procedure for the example of MoS2 on SiO2, where we use a
constant dielectric constant S = 3.9 for the SiO2 substrate.
We fit the effective thickness parameter such that we obtain
E = 1.92 eV as the energy of the lowest exciton resonance,
which is in the range of measured values40–42. As can be rec-
ognized, best agreement is obtained for an effective thickness
parameter d = 4.47 A˚ which is smaller than the layer sepa-
ration D. The corresponding values for the bandgap and the
first excited exciton resonance are then EG = 2.244 eV and
E2s = 2.136 eV, giving binding energies of EB1s = 324 meV
and EB2s = 108 meV for MoS2 on SiO2 respectively.
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FIG. 7. Predicted resonance positions for MoS2 on SiO2 as function
of effective thickness. The solid lines show the theoretical position
of the 1s (yellow), 2s (dark-yellow) resonance and the gap (black),
the dashed lines mark the values E = 1.92 eV and the best fit for the
thickness parameter.
Unfortunately, as the value for the gap is difficult to de-
termine experimentally, we cannot directly compare the find-
ings for the bandgap and exciton binding energy with ex-
periment. However, we can use the optimized value for the
effective thickness to predict the bandgap and exciton reso-
nances for a suspended monolayer, yielding EG = 2.55 eV
and E1s = 1.96 eV, and a binding energy for the 1s-exciton
9ofEB1s = 0.599 eV. These values are in pretty good agreement
with the values ofEG = 2.54 eV andEB1s = 0.63 eV reported
in Ref.33.
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FIG. 8. Left: Renormalized free-particle transition energies and ex-
citonc positions as function of total layer number N for suspended
MoS2 using d = 4.47A˚ . With increasing layer number the number
of bands increases accordingly and are classified by the layer index
n = 1, . . . N (see text for explanation). The black diamonds show
the transition energies EG(n, n) and the orange dots the resonance
positions E1s(n, n) in the individual layers and the solid lines their
weighted averages. The dashed lines indicate the bulk limitN →∞.
Once the thickness parameter is fixed, we are able to com-
pute the renormalized bands and resonance positions for sam-
ples with arbitrary layer number and substrates. If we increase
the number of layers, the number of bands within the first 2D
Brillioun-zone is increased accordingly. For the effective 2D
quasi-particles that are localized well within a given layer,
we can use the layer number n within the stack as a good
quantum number. In the following, we introduce the notation
EG(n,m) = E
c
nq=0 − Eνmq=0 for the transition energy be-
tween the top of the nth valence band and the bottom of the
mth conduction band at the K-points, and a similar notation
for the exciton resonances.
In Fig. 8, we show the variation of the renormalized
valence-to-conduction band transition energies EG(n, n) and
of the corresponding lowest exciton resonances E1s(n, n)
with increasing number of layers. Since the effective local di-
electric functions differ for different layers in the sample, both
the transition energies and the excitonic resonances between
bands associated with different layers are non-degenerate,
leading to additional resonances in the optical spectra of the
multilayer structure. For each value of N , the dots denote the
transition energies EG(n, n) and E1s(n, n) for n = 1, N , and
the lines represent their weighted average. In the bulk limit
N → ∞, we find E∞G = 2.03 and E∞1s = 1.88, giving a
binding energy of 150 meV for the lowest lying bulk exciton.
These values are in good agreement with GW-BSE based ab
initio results reported in Ref.34, where a binding energy of
130 meV was found for the bulk A-exciton. For reference, the
respective bulk limits for the band gap and lowests exciton are
indicated in Fig. 8 by the dashed lines.
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FIG. 9. Transition energy EG(n, n) between the conduction band
bottom and top of the valence band for an electron and hole localized
in the same layer (green dots), an electron located in the top layer
and a hole in the nth layer (EG(1, n), pink squares), an electron in
the middle layer and hole in the nth layer (EG(n, 25), green trian-
gles) and similar for the repective intra- and interlayer excitons (open
symbols).
Besides their intralayer interaction, the electrons and holes
in a multilayer structure interact also with carriers in neigh-
boring layers with the possibility to form bound interlayer ex-
citons. To illustrate these features, we plot in Fig. 9 the free-
particle transition energies EG(n, n) and resonance energies
E1s(n, n) for intralayer excitons where the electron-hole pair
resides within the same layer, as well as the interlayer transi-
tion energies EG(1, n) and EG(n, 25), and energies of inter-
layer excitons E1s(1, n) and E1s(n, 25) where an electron is
confined in the nth layer and the hole in top or middle layer,
respectively. We see that the interlayer excitons form a whole
spectral series with decreasing binding energy for increasing
spatial electron-hole separation.
Due to our model assumption of electronically indepen-
dent layers, the interlayer excitons are optically dark and
cannot be observed in optical spectra. However, if we re-
lax the assumption of electronically fully independent lay-
ers but allow for a finite overlap of the electron and hole
wave functions in different layers, these interlayer excitons
gain a finite oscillator strength. Assuming Gaussian distri-
butions for the electron and hole densities, we can estimate
the electron-hole overlap between different layers from the
integral
∣∣∫ dzφe(z)φh(z − nD)∣∣2 determining the oscillator
strength for the respective interlayer excitons.
Using these model assumptions, we can compute optical
absorption spectra for different multilayer systems. In Fig. 10,
we show the results for a suspended mono- and bilayer MoS2,
using the screened Coulomb potential and thickness d = 4.47
A˚ . The signature in the spectral range between the lowest A
and B excitons, that are red shifted by roughly 30 meV, is
the lowest interlayer exciton. Furthermore, we see a clear red
shift of the intralayer excitons in the bilayer relative to the
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FIG. 10. Calculated absorption spectra of a suspended mono- and
bilayer MoS2. The black lines show the total absorption spectra,
whereas the dark blue and dark red fillings correspond to the A and
B intralayer contributions, and the light blue and light red fillings to
the A and B interlayer contributions. Spectra have been calculated
using a nonradiative homogeneous linwidth ~γ = 10 meV.
In Fig. 11, we show the spectrum for a multilayer sample
in the limit N → ∞ in the spectral region of the A-exciton
resonance series. The dominant peak at E = 1.87 eV and
the absorption features slightly below the gap (at 2.03 eV)
correspond to theA-intralayer exciton series. The pronounced
feature around E = 1.93 eV results from the next-neighbor
interlayer exciton, where electrons and holes are confined in
neighboring layers.
It is interesting to compare these predictions with experi-
mental findings on bulk MoS2 for which the absorption spec-
trum has been measured already in the 1970s1,2,4. Transitions
that were associated with the A-exciton at the K-points of the
Brillioun zone have been observed around 1.92, 1.96 and 1.99
eV. In the original publication, the resonance features were in-
terpreted as groundstate and excited state transitions of a sin-
gle exciton series. However, neither the resonance positions
nor the oscillator strength agree with the expectations based
on an anisotropic 3D Rydberg series. These deviations have
been discussed in the literature and have been explained by so
called ”central-cell corrections”.
The remarkable agreement of the spectral signatures in Fig.
11 with the measured resonances suggests the reinterpretation
of the bulk exciton series as 2D intra- and interlayer excitons,
despite some small deviations in the absolute positions of
the dominant absorption peaks. This interpretation is further
supported by recent measurements on bulk MoS243, where
a bias-dependent relative oscillator strength between the two
dominant features has been observed, indicating a distinct z-
dependence of both signatures.
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FIG. 11. Imaginary part of the linear susceptibility of MoS2 in
the bulk limit using a homogeneous linwidth ~γ = 10 meV. The
black line shows the imaginary part of the total linear susceptibility,
whereas the dark blue filling shows the intralayer contributions, the
blue filling the next neighbor interlayer, and the light blue filling the
next-next nearest neighbour intralayer excitons contributions respec-
tively.
VI. DISCUSSION
In conclusion, we present a theoretical framework that al-
lows us to compute the bandgap renormalization and K-point
excitonic resonances of TMDC mono- and multilayer struc-
tures. Our method contains the effective monolayer thickness
as undetermined parameter. For the example of MoS2, we
show that by fitting this single parameter to obtain agreement
for the lowest exciton resonance of a supported monolayer, we
are able to compute the bandgap and excitonic spectra of sam-
ples with arbitrary layer numbers and substrates. In particular,
we are able to predict the evolution of the bandgap and near-
bandgap excitonic spectra over the whole range from mono-
layer to bulk. Our predictions for the bulk limit are in excellent
agreement with experimental observations, suggesting a rein-
terpretation of the bulk A and B excitonic series in terms of
effectively 2D intra- and interlayer excitons.
It is interesting, to compare our method with the well es-
tablished GW-BSE approach. In the GW-BSE approach, the
quasi-particle bandgap is computed from many-body pertur-
bation theory on top of the DFT band structure. Subsequently,
excitonic states are obtained as solution of the Bethe-Salpeter-
equation (BSE). The major strength of the GW-BSE approach
is that it is fully ab initio, and as such, free of any undeter-
mined parameters. However, this comes at the price of be-
ing numerically very demanding. The treatment of quasi-2D
structures within GW-BSE is computationally even more chal-
lenging, as it requires large supercells to avoid spurious in-
teractions between adjacent layers. The numerical complexity
of the GW-BSE approach has not only lead to a wide range
of reported predictions for the bandgap and exciton bindings,
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it also limits its practical application to the description of
groundstate and linear optical properties.
Methodically, our approach displays several similarities to
the GW-BSE approach. Similarly as GW, the gap equations
provide a correction to the DFT bandstructure, and a sub-
sequent solution of the Dirac-Wannier-equation within the
renormalized bands gives access to the excitonic states. How-
ever, whereas the GW-BSE equations involve many bands,
our approach is explicitly based on a two-band Hamiltonian,
thus reducing the numerical cost enormously. Though an ef-
fective two-band Hamiltonian restricts the applicability of our
method to the simulation of the near bandgap optical proper-
ties, our method is extremely flexible to model different di-
electric environments and can be easily extended to describe
nonlinear optical experiments.
Both qualitatively and quantitatively, our predictions are
in very good agreement with well-converged GW-BSE based
results33. This, in addition to the excellent agreement with
experimental observations can be taken as strong indications
that our model system captures the essential physics around
the K-points of the Brillioun zone. In particular, we identify
finite size effects as essentially responsible for the observed
non-hydrogenicity not only of monolayer spectra, but also of
multilayer spectra in the bulk limit.
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Appendix A: Solution of Poisson’s Equation
1. Bare Coulomb Interaction
The ’bare’ Coulomb interaction corresponds to the Green function of Poisson’s equation, i.e., is obtained as the solution of
Eq. 8 for the scalar potential with δ-inhomogeneity ρ(q‖, z) = δ(z − z′) in the absence of a resonant polarization, but in the
presence of the inhomogeneous, anisotropic background. For a slab geometry consisting of thickness L = ND on a substrate
with dielectric constant S , we have a spatial profile of the background dielectric tensor:
‖(z) =
 1 z < 0,‖ 0 < z < L,S L < z ⊥(z) =
 1 z < 0,⊥ 0 < z < L,S L < z.
Within the slab, the resulting Coulomb potential of a point charge located at 0 < z′ < L is given by
Vq(z, z
′) =
2pi
κq
(
e
−
√
‖
⊥ q‖|z−z
′|
+ c1e
−
√
‖
⊥ q‖(z+z
′)
+ c2e
−
√
‖
⊥ q‖(2L−z−z
′)
+ c3e
−
√
‖
⊥ q‖(2L−z+z
′)
+ c3e
−
√
‖
⊥ q‖(2L+z−z
′)
)
(A1)
with
κ =
√
‖⊥,
c1 =
(κ+ S)(κ− 1)
N ,
c2 =
(κ− S)(κ+ 1)
N ,
c3 =
(κ− S)(κ− 1)
N ,
N = (κ+ S) (κ+ 1)− (κ− S) (κ− 1) e
−2
√
‖
⊥ q‖L.
In Eq. (A1), the first term describes the direct interaction between the two point charges, the second term interaction of the
point charge at z with the image charge of z′ from the vacuum/multilayer interface, the third term correspondingly from the
multilayer/substrate interface and the last term the interaction between image charges from both interfaces. Interaction with
higher order image charges are contained in the denominator N .
Relevant for the intralayer exciton and band gap renormalization is the intralayer Coulomb potential Vq(zn, zn) with zn =
12
FIG. 12. Left: Nonresonant contributions to the dielectric function for the middle layer of a suspended MoS2 sample consisting of N layers.
Middle: Total effective dielectric function for middle layer of a suspended MoS2 sample with N layers within the strict 2D limit. Right :Total
effective dielectric function for middle layer of a suspended MoS2 sample with N layers including finte size effects with an effective layer
thickness d = 4.3 A˚.
(n− 1/2)D:
Vq(zn, zn) =
2pi
κq
(
1 + c1e
−
√
‖
⊥ q‖(2n−1)D + c2e
−
√
‖
⊥ q‖2(N−n−1/2)D + 2c3e
−
√
‖
⊥ q‖2L
)
For
√
‖
⊥
q‖L  1, the intralayer Coulomb potential reduces to V = 4pi/(S + 1)q‖, i.e., to the vacuum 2D Coulomb
interaction screened by substrate screening only, while if
√
‖
⊥
q‖L 1, it reduces to
2pi
κq‖
(
1 +
κ− 1
κ+ 1
e
−
√
‖
⊥ q‖2(n−1/2)D +
κ− S
κ+ S
e
−
√
‖
⊥ q‖(2(N−n−1/2)D
)
.
In the left part of Fig. 12, we show the local dielectric functions for the middle layer of a suspended MoS2 sample consisting
of 1, 3, and 49 layers. At small wavenumbers, the dielectric function of the middle layer can be approximated by a first order
Taylor expansion, giving
(q) ≈ S + 1
2
+N
2‖⊥ − 2S − 1
4⊥
qD.
The linear approximations corresponds to a Keldysh potential27,28,30 with background screening (S +1)/2 and screening length
r = N
2‖⊥−2S−1
2⊥(S+1)
D. However, the linear approximation breaks down if qND > 1, where the dielectric function approaches its
bulk value. Estimating the relevant q-values by the inverse exciton radius rX (note: the exciton radius should not be interchanged
with the exciton Bohr radius; only for hydrogen-like excitons these values coincide), this means that the total sample dimensions
should not exceed the in-plane exciton radius. While this condition may hold for a monolayer, it is clearly invalid for a multilayer
structure with large layer numbers. As can be recognized in Fig. 12, in a sample with 49 layers the nonresonant dielectric function
jumps to its bulk background value at infinitesimal q-values.
2. Screening
Within linear response theory, the polarization in an inhomogeneous medium induced by an external perturbation field φ can
be expressed in terms of a nonlocal susceptibility
PL(q, z, ω) = −ie2q
∫
dz′χL(q, z, z′, ω)φ(q, z′, ω)
where the z-dependence of the susceptibility reflects the spatial profile of the induced carrier density. For the multilayer system,
we assume charge distributions well localized within the layers, such that the integration region can be restricted to a region of
thickness D around the layer centers:
PL(q, z, ω) = −ie2q
N∑
n=1
ρq(z − zn)χL(q, ω)φ¯n(q, ω)
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where
φ¯n(q, ω) =
∫ D/2
−D/2
dz′ρ−q(z′ − zn)φ(q, z′, ω).
In the strict 2D limit, this corresponds to Ansatz 9 of the main text. The formal solution of equation 8 with charge distribution
ρext(q, z) is than given by
φ(q, z, ω) = φext(q, z, ω)− e2q2
∑
n
χL(q, ω)
∫
dz′Vq(z, z′)ρq(z′ − zn)φ¯n(q, ω)
≈ φext(q, z, ω)− e2q2
∑
n
χL(q, ω)
∫ D/2
−D/2
dz′Vq(z, z′)ρq(z′ − zn)φ¯n(q, ω) (A2)
where Vq(z, z′) is the Coulomb interaction screened by the anisotropic background given in Eq. A1 and
φext(q, z, ω) =
∫
dz′Vq(z, z′)ρext(q, z′)
is the potential of the external charge distribution. Multiplication of Eq. (A2) with ρ−q(z − zm) and integration over z gives
φ¯m(q, ω) = φ¯mext(q, ω)− e2q2
∑
n
χL(q, ω)V¯
mn
q φ¯
n(q, ω) (A3)
with the quasi-2D bare Coulomb potential
V¯ mnq =
∫ D/2
−D/2
dz
∫ D/2
−D/2
dz′ρ−q(z − zm)Vq(z, z′)ρq(z′ − zn).
The solution of Eq. A2 can be obtained by a matrix inversion:
φ¯m(q, ω) =
∑
l
(
δml + e
2q2χL(q, ω)V¯
ml
q
)−1
φ¯lext(q, ω), (A4)
and the screened Coulomb interaction given in Eq. (10) in the main text is obtained by choosing ρext(q, z) = δ(z − zn).
For a monolayer in the strict 2D limit, the solution simplifies to
φ2D(q) =
φext(q, z = D/2)
1 + e2q2χL(q, ω)Vq(D/2, D/2)
(A5)
where φ2D is the screened external potential. This result generally depends on the slab thickness D and becomes inedpendent of
D only in the two limiting cases D → 0 and D →∞. The limit D → 0 correponds to a monolayer on a substrate, whereas the
limit D →∞ corresponds to a monolayer embedded in a homogeneous anisotropic medium. Defining eff by eff = (S + 1)/2
and eff =
√
⊥‖ respectively, the localized 2D polarization contributes to the longitudinal dielectric function according to
RES = 1 + 2pie
2q‖χL(q, ω)/eff . If the 2D susceptibility is independent of q and ω, this part again corresponds to the Keldysh
potential, with a resonant contribution to the anti-screening length r0 = 2pie2χL/eff .
In the middle part of Fig. 12, we show the resulting total effective dielectric function of the middle layer of a suspended
multilayer sample, where we treat the resonant contribtions to the dielectric function in the long wavelength limit. As can be
recognized, if N is increased, the longwavelength limit of the total dielectric function (q = 0) approaches the bulk value√
B‖ ⊥, with an in-plane component corresponding to the (fully screened) DFT bulk value, whereas the monolayer dielectric
function in the small q regime can again be approximated by a Keldysh potential with a total linear coefficient rtot = r +
2r0/(S + 1). However, whereas the nonresonant contribution does not exceed the bulk back-ground value
√
‖⊥, the total
dielectric function increases linearly, exceeding the DFT fully screened bulk value by far. This unphysical result results from the
strict 2D treatment of the carriers, and the invalidity of the long-wave-length limit for the polarization function in this regime. In
the right part of Fig. 12, we show the total effective dielectric function including finite size effects by the Ohno potential. As can
be recognized, the effective dielectric function for the middle layer increases linearly for small q-values starting at (q = 0) = 1.
However, due to finite size effects, the dielectric function does not exceed the fully screened bulk limit
√
B‖ ⊥, but reaches a
maximum value between the bulk back-ground value√‖⊥ and the fully screened DFT bulk limit
√
B‖ ⊥. The q-value at wich
the maximum is achieved decreases with increasing number of layers, nicely reproducing the bulk long wave-length limit for
large layer numbers.
14
Finally, we compare the effective dielectric function for the monolayer with two recent publications whrere the effective
2D dielectric function for a monolayer TMDC has been exctracted from a first principles supercell calculation, once using a
dielectric model similar to ours32, that accounts for finite size effects, and once using a truncated Coulomb potential33. Both
approaches find a dielectric function starting at (q = 0) = 1, and a maximum value in the region q ≈ 0.3A˚−1. At large
q-values, the dielectric function decreases to (q →∞) = 1 again, reflecting the lack of dielectric screening at small distances.
Apparently, our modell overestimates the effect of screening in the large q  1/d limit. This is a consequence of using a
constant background dielectric constant, which is inappropriate for large q-values. Indeed, choosing a background dielectric
constant ‖ = ⊥ = 1 in our model and lumping the back-ground contributions into a linear coefficient rtot = r + r0 instead,
the monolayer dielectric function is in good agreement with both Refs. 32 and 33. On the other hand, our model system is in
good agreement with the findings in Refs.32,33 in the region q . 1/d, relevant for excitons in the Wannier-limit, and produces the
correct bulk limit if the number of layers is increased. In contrast, lumping the back-ground contributions into the linear increase
in the small q-region produces a wrong bulk limit κL(q → 0) = √1 + 2r/L, which can be applied to bulk (L = D) as well as
to a supercell calculation with supercell period L.
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